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1 Introduction
The general theory of central extensions relative to a chosen subcategory of a
base category was introduced in [20], where the simultaneous categorical and
Galois theoretic approach is based on, and generalizes, the work of the Fro¨hlich
school [16, 17, 25] which focused in varieties of Ω-groups, was considered in the
context of semi-abelian categories [21] relative to a Birkhoff subcategory in [14,
15]. Examples like groups vs. abelian groups, Lie algebras vs. vector spaces are
absolute, meaning that they fit in the general theory when the considered Birkhoff
subcategory is the subcategory of all abelian objects. A non-absolute example
is the category of Leibniz algebras together with the Birkhoff subcategory of Lie
1
algebras. The general theory provides the notions of relative central extension
and relative commutator with respect to the Liezation functor (−)Lie : Leib→ Lie
which assigns to a Leibniz algebra g the Lie algebra gLie = g/g
ann, where gann =
〈{[x, x] : x ∈ g}〉.
In the recent papers [9, 11, 12] authors approached the relative theory of
Leibniz algebras with respect to the Liezation functor, yielding to the introduction
of new notions of central extensions, capability, nilpotency, stem cover, isoclinism
and Schur multiplier relative to the Liezation functor, the so-called Lie-central
extensions, Lie-capability, Lie-nilpotency, Lie-stem cover, Lie-isoclinism and Schur
Lie-multiplier.
It is well-known the interplay between the Schur multiplier [31] and other
mathematical concepts like projective representations, central extensions, efficient
presentations or homology. The Schur multiplier was generalized by Baer [5, 6, 7]
to any variety of nilpotent groups. When V is the variety of nilpotent Lie algebras
of class at most c ≥ 1, then the Baer-invariant M (c)(L) = R∩γc+1(F )
γc+1(F,R)
(that is,
the quotient doesn’t depend on the chosen free presentation [15]), where 0 →
R → F → L → 0 is a free presentation of the Lie algebra L and γc+1(−) are
the (c + 1)-terms of the lower central series, was introduced in [29] and later
developed, among others, in [1, 2, 3, 26, 27, 28, 30].
Our goal in this paper is to introduce the relative notion of c-nilpotent Schur
multiplier, the Baer-invariant called c-nilpotent Schur Lie-multiplier, M
(c)
Lie
(q) =
r∩γLiec+1(f)
γLiec+1(f,r)
, where γLiec+1(−) are the (c + 1)-terms of the Lie-lower central series of
q [11] and 0 → r → f → q → 0 is a free presentation. Then we apply it to
characterize Lie-nilpotency of Leibniz algebras and study c-Lie-stem covers and
c-Lie capabality of Leibniz algebras.
The paper is organized as follows: in section 2, we provide preliminary results
on Leibniz algebras from [11] which are needed through the paper. In section 3,
we introduce the notion of c-nilpotent Schur Lie-multiplier (c ≥ 1) and we use it
along with the Baer-invariant γLie
∗
c+1(q) =
γLiec+1(f)
γLiec+1(f,r)
, where 0 → r → f → q → 0 is
a free presentation, to characterize Lie-nilpotency of class c for a given Leibniz
algebra. In section 4, we determine exact sequences providing several results on
the dimension of the c-nilpotent Schur Lie -multiplier in the case when the Leibniz
algebra is finite dimensional. In section 5, we use c-nilpotent Schur Lie-multiplier
to provide a characterization of c-Lie-stem extensions, and prove the existence of
c-Lie-stem covers for finite dimensional Leibniz algebras, and the non existence of
c-Lie-covering on certain nilpotent Leibniz algebras with non trivial c-nilpotent
Schur Lie-multiplier. Finally, in section 6 we study c-Lie-capability. In particular
we provide characterizations of c-Lie-capability of Leibniz algebras by means of
both their c-Lie-characteristic ideal and c-nilpotent Schur Lie-multiplier.
2
2 Preliminary results on Leibniz algebras
We fix K as a ground field such that 1
2
∈ K. All vector spaces and tensor products
are considered over K.
2.1 Background on Leibniz algebras
A Leibniz algebra [22, 23, 24] is a K-vector space q equipped with a linear map
[−,−] : q ⊗ q → q, usually called the Leibniz bracket of q, satisfying the Leibniz
identity :
[x, [y, z]] = [[x, y], z]− [[x, z], y], x, y, z ∈ q.
Leibniz algebras constitute a variety of Ω-groups [18], hence it is a semi-abelian
variety [14, 21] denoted by Leib, whose morphisms are linear maps that preserve
the Leibniz bracket.
A subalgebra h of a Leibniz algebra q is said to be left (resp. right) ideal of q
if [h, q] ∈ h (resp. [q, h] ∈ h), for all h ∈ h, q ∈ q. If h is both left and right ideal,
then h is called two-sided ideal of q. In this case q/h naturally inherits a Leibniz
algebra structure.
For a Leibniz algebra q, we denote by qann the subspace of q spanned by all
elements of the form [x, x], x ∈ q.
Given a Leibniz algebra q, it is clear that the quotient q
Lie
= q/qann is a
Lie algebra. This defines the so-called Liezation functor (−)Lie : Leib → Lie,
which assigns to a Leibniz algebra q the Lie algebra q
Lie
. Moreover, the canonical
surjective homomorphism q։ q
Lie
is universal among all homomorphisms from q
to a Lie algebra, implying that the Liezation functor is left adjoint to the inclusion
functor Lie →֒ Leib.
Since Lie is a subvariety of Leib, then it is a Birkhoff subcategory of Leib.
For a Leibniz algebra q and two-sided ideals m and n of q, the Lie-centralizer
of m and n over q is
CLieq (m, n) = {q ∈ q | [q,m] + [m, q] ∈ n, for all m ∈ m} .
The Lie-commutator [m, n]Lie is the subspace of q spanned by all elements of
the form [m,n] + [n,m], m ∈ m, n ∈ n.
In particular, the two-sided ideal CLieq (q, 0) is the Lie-center of the Leibniz
algebra q and it will be denoted by ZLie(q), that is,
ZLie(q) = {z ∈ q | [q, z] + [z, q] = 0 for all q ∈ q}.
Proposition 2.1 [13, Example 1.9] Given an extension of Leibniz algebras f :
g։ q with n = Ker (f), the following conditions are equivalent:
(a) f : g։ q is Lie-central;
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(b) n ⊆ ZLie(g);
(c) [n, g]Lie = 0.
2.2 Lie-nilpotent Leibniz algebras
Definition 2.2 [11, Definition 5] Let m be a two-sided ideal of a Leibniz algebra
q. A series from m to q is a finite sequence of two-sided ideals mi, 0 ≤ i ≤ k, of
q such that
m = m0 E m1 E · · · E mk−1 E mk = q .
k is called the length of this series.
A series from m to q of length k is said to be Lie-central (resp. Lie-abelian)
if [mi, q]Lie ⊆ mi−1, or equivalently mi/mi−1 ⊆ ZLie(q/mi−1) (resp. if [mi,mi]Lie ⊆
mi−1, or equivalently [mi/mi−1,mi/mi−1]Lie = 0) for 1 ≤ i ≤ k .
A series from 0 to q is called a series of the Leibniz algebra q.
Definition 2.3 [11, Definition 11] Let n be a two-sided ideal of a Leibniz algebra
q. The lower Lie-central series of q relative to n is the sequence
· · · E γLiei (q, n) E · · · E γ
Lie
2 (q, n) E γ
Lie
1 (q, n)
of two-sided ideals of q defined inductively by
γLie1 (q, n) = n and γ
Lie
i (q, n) = [γ
Lie
i−1(q, n), q]Lie, i ≥ 2.
The Leibniz algebra q is said to be Lie-nilpotent relative to n of class c if γLiec+1(q, n) =
0 and γLiec (q, n) 6= 0.
Note that [γLiei (q, n)/γ
Lie
i+1(q, n), γ
Lie
i (q, n)/γ
Lie
i+1(q, n)]Lie = 0. When n = q
we obtain Definition 9 in [11] and we will use the notation γLiei (q) instead of
γLiei (q, q), 1 ≤ i ≤ n. If ϕ : g → q is a homomorphism of Leibniz algebras such
that ϕ(m) ⊆ n, where m is a two-sided ideal of g and n a two-sided ideal of q,
then ϕ(γLiei (g,m)) ⊆ γ
Lie
i (q, n), i ≥ 1.
Definition 2.4 [11, Definition 10] The upper Lie-central series of a Leibniz al-
gebra q is the sequence of two-sided ideals
ZLie0 (q) E Z
Lie
1 (q) E · · · E Z
Lie
i (q) E · · ·
defined inductively by
ZLie0 (q) = 0 and Z
Lie
i (q) = C
Lie
q (q,Z
Lie
i−1(q)), i ≥ 1.
Theorem 2.5 [11, Theorem 4] A Leibniz algebra q is Lie-nilpotent with class of
Lie-nilpotency k if and only if ZLiek (q) = q and Z
Lie
k−1(q) 6= q.
4
3 The c-nilpotent Schur Lie-multiplier
In this section we introduce the Baer-invariants c-nilpotent Schur Lie-multiplier
and γLie
∗
c+1(−) of a Leibniz algebra. Then we use them to characterize Lie-nilpotency
of Leibniz algebras.
Let 0→ r→ f
ρ
→ q→ 0 be a free presentation of a Leibniz algebra q. We call
c-nilpotent Schur Lie-multiplier of q (c ≥ 1) to the term
M
(c)
Lie
(q) :=
r ∩ γLiec+1(f)
γLiec+1(f, r)
(1)
Since Leib is a category of interest (see [10]), hence is a category of Ω-groups,
and following Proposition 4.3.2 in [19] we can conclude that the collection of
all nilpotent objects of class ≤ c in Leib form a variety. Now following [15,
Proposition 7.8], it can be showed that M
(c)
Lie
(q) and γLie
∗
c+1(q) =
γLiec+1(f)
γLie
c+1(f,r)
are Baer-
invariants, which means that their definitions do not depend on the choice of the
free presentation.
Remark 3.1 M
(1)
Lie
(q) is the Schur Lie-multiplier of a Leibniz algebra q (see [9,
12]).
Definition 3.2 An exact sequence of Leibniz algebras 0 → n → g
pi
→ q → 0 is
said to be a c-Lie-central extension if γLiec+1(g, n) = 0.
Example 3.3
(a) Let g and q be four and two-dimensional Leibniz algebra with respective
K-linear bases {a1, a2, a3, a4} and {e1, e2}, with the Leibniz brackets given
respectively by [a1, a2] = a3, [a2, a2] = a4, [a1, a3] = a4 and [e2, e2] = e1
and zero elsewhere (g is a Lie-nilpotent Leibniz algebra of class 3 and q
is a Lie-nilpotent Leibniz algebra of class 2 [12]). Then the surjective
homomorphism of Leibniz algebras f : g ։ q defined by f(a1) = e2,
f(a2) = e1, f(a3) = 0 and f(a4) = 0 is a 2-Lie-central extension.
(b) Let g and q be four and two-dimensional Leibniz algebra with respective
K-linear bases {a1, a2, a3, a4} and {e1, e2}, with the Leibniz brackets given
respectively by [a1, a1] = a2, [a1, a2] = a3, [a1, a3] = a4 and [e2, e2] = e1
and zero elsewhere (g is a Lie-nilpotent Leibniz algebra of class 4 and q
is a Lie-nilpotent Leibniz algebra of class 2 [12]). Then the surjective
homomorphism of Leibniz algebras f : g ։ q defined by f(a1) = e2,
f(a2) = e1, f(a3) = 0 and f(a4) = 0 is a 2-Lie-central extension.
Proposition 3.4 The exact sequence of Leibniz algebras 0→ n→ g
pi
→ q→ 0 is
a c-Lie-central extension if and only if n ⊆ ZLiec (g)
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Proof. Assume that the exact sequence of Leibniz algebras 0→ n→ g
pi
→ q→ 0
is a c-Lie-central extension, then γLiec+1(g, n) = 0. Let t ∈ n with t /∈ Z
Lie
c (g). Then
t1 := [g1, t] + [t, g1] /∈ Z
Lie
c−1(g) for some g1 ∈ g. So t2 := [g2, t1] + [t1, g2] /∈ Z
Lie
c−2(g)
for some g2 ∈ g. Inductively, we have tc := [gc, tc−1] + [tc−1, gc] /∈ Z
Lie
0 (g) = 0 for
some gc ∈ g. So tc 6= 0. On the other hand, we have tc ∈ γ
Lie
c+1(g, n) = 0 since
t ∈ n = γLie1 (g, n). A contradiction.
Conversely, Assume that n ⊆ ZLiec (g) and let z ∈ γ
Lie
c+1(g, n). Then z :=
[z1, g1] + [g1, z1] for some z1 ∈ γ
Lie
c (g, n) and g1 ∈ g. So z1 := [z2, g2] + [g2, z2]
for some z2 ∈ γ
Lie
c−1(g, n) and g2 ∈ g. Inductively we have zc+1 := [zc, gc] + [gc, zc]
for some zc ∈ γ
Lie
1 (g, n) and gc ∈ g. Since γ
Lie
1 (g, n) = n ⊆ Z
Lie
c (g), it follows
that zc ∈ Z
Lie
c (g). Inductively, we have z ∈ Z
Lie
0 (g) = 0. Thus z = 0. Therefore
γLiec+1(g, n) = 0.
Example 3.5
(a) The short exact sequence 0 → M
(c)
Lie
(q) → γLie
∗
c+1(q)
u
→ γLiec+1(q) → 0, where
u(x+ γLiec+1(f, r)) = ρ(x), is a c-Lie-central extension.
(b) From the 3 × 3 Lemma [8, Theorem 4.2.7], the free presentation 0 → r →
f
ρ
→ q → 0 induces the exact sequence 0 → r
γLiec+1(f,r)
→ f
γLiec+1(f,r)
ρ
→ q →
0, where ρ is the natural epimorphism induced by ρ. Moreover this exact
sequence is a c-Lie-central extension.
Lemma 3.6 Let 0→ r → f
ρ
→ q → 0 be a free presentation of a Leibniz algebra
q and let 0 → m → h
θ
→ p → 0 be a c-Lie-central extension of another Leibniz
algebra p. Then for each homomorphism α : q → p, there exists a homomor-
phism β : f
γLie
c+1(f,r)
→ h such that β
(
r
γLie
c+1(f,r)
)
⊆ m and the following diagram is
commutative:
0 ,2 r
γLie
c+1(f,r)
,2
β|

f
γLie
c+1(f,r)
ρ
,2
β

q ,2
α

0
0 ,2 m ,2 h
θ ,2 p ,2 0
(2)
Proof. Since f is a free Leibniz algebra, then there exists ω : f → h such that
θ ◦ ω = α ◦ ρ.
On the other hand, θ(ω(r)) = α(ρ(r)) = 0, hence ω(r) ⊆ m, which implies
that ω(γLiec+1(f, r)) = 0, hence ω induces β :
f
γLiec+1(f,r)
→ h such that α ◦ ρ = θ ◦ β,
and for any r ∈ r, β(r + γLiec+1(f, r)) = ω(r) ∈ m.
Proposition 3.7 Let q be a Leibniz algebra and c ≥ 1. Then
(a) γLie
∗
c+1(q) = 0 if and only if q is Lie-nilpotent of class c and M
(c)
Lie
(q) = 0.
(b) If γLie
∗
c+1(q) = 0, then γ
Lie
∗
c+1(q/n) = 0 for any two-sided ideal n of q.
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Proof. (a) γLie
∗
c+1(q) = 0 implies that γ
Lie
c+1(f) ⊆ γ
Lie
c+1(f, r), thus γ
Lie
c+1(q) = [γ
Lie
c (q), q]Lie =
γLiec+1(f)/r ⊆ γ
Lie
c+1(f, r)/r ⊆ 0.
Moreover M
(c)
Lie
(q) =
r∩γLiec+1(f)
γLiec+1(f,r)
⊆
r∩γLiec+1(f,r)
γLiec+1(f,r)
= 0.
Conversely, if M
(c)
Lie
(q) = 0, then r ∩ γLiec+1(f) ⊆ γ
Lie
c+1(f, r). Since γ
Lie
c+1(q) = 0
implies that γLiec+1(f)/r = 0, then γ
Lie
c+1(f) ⊆ r. Hence γ
Lie
c+1(f) ⊆ γ
Lie
c+1(f, r) and,
consequently, γLie
∗
c+1(q) = 0.
(b) Let n be a two-sided ideal of q and consider the free presentation 0 →
s = Ker (π ◦ ρ) → f
τ◦ρ
→ q/n → 0, where τ : q ։ q/n is the canonical projection.
Since r ⊆ s, then γLie
∗
c+1(q) = 0 implies that γ
Lie
c+1(f) ⊆ γ
Lie
c+1(f, r) ⊆ γ
Lie
c+1(f, s) which
completes the proof.
Definition 3.8 Let q be a Lie-nilpotent Leibniz algebra of class c. An extension
of Leibniz algebras 0 → n → g
pi
→ q → 0 is said to be of class c if g is nilpotent
of class c.
Theorem 3.9 A c-Lie-central extension 0 → n → g
pi
→ q → 0 of a class c
nilpotent Leibniz algebra q is of class c if and only if θ : M
(c)
Lie
(g) → n vanishes
over Ker (τ), where τ : M
(c)
Lie
(q) → M
(c)
Lie
(
q/γLiec (q)
)
is induced by the canonical
projection q։ q/γLiec (q).
Proof. Consider the following diagrams:
0

0
z  
  
  
  
0

0
utt
tt
tt
tt
tt
t
r
z⑧⑧
⑧⑧
⑧⑧
⑧⑧
s
w①①
①①
①①
①①
①①
0 ,2 s ,2

f
ρ

pi◦ρ
#❀
❀❀
❀❀
❀❀
❀❀
0 ,2 t ,2

f
pi◦ρ

pr◦pi◦ρ
'●
●●
●●
●●
●●
●
0 ,2 n ,2

g
pi ,2

q ,2
#❀
❀❀
❀❀
❀❀
❀ 0 0
,2 γLiec (q)
,2

q
pr
,2

q/γLiec (q)
,2
(❍
❍❍
❍❍
❍❍
❍❍
❍
0
0 0 0 0 0 0
where s = Ker (π ◦ ρ) and t = Ker (pr ◦ π ◦ ρ), then θ : M
(c)
Lie
(q) =
s∩γLiec+1(f)
γLiec+1(f,s)
→ n,
given by θ(x+ γLiec+1(f, s)) = ρ(x), is well-defined and Ker (τ)
∼=
γLiec+1(f,t)
γLiec+1(f,s)
.
Assume that g is Lie-nilpotent of class c and consider x+ γLiec+1(f, s) ∈ Ker (τ).
Then θ(x+γLiec+1(f, s)) = ρ(x) = 0 since ρ(x) ∈ ρ(γ
Lie
c+1(f, t)) ⊆ γ
Lie
c+1(g)+γ
Lie
c+1(g, n) =
0. For the last inclusion, it is necessary to have in mind that π (ρ(t)) ⊆ γLiec (q) =
π(γLiec (g)), and consequently ρ(t) ⊆ γ
Lie
c (g) + n.
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Conversely, γLiec+1(g) = [γ
Lie
c (g), g]Lie = [ρ(γ
Lie
c (f)), ρ(f)]Lie ⊆ ρ(γ
Lie
c+1(f, t)) = 0
since γLiec+1(f, t) ⊆ r because θ vanishes over Ker (τ). For the last inclusion is
necessary to have in mind that π
(
ρ(γLiec (f))
)
⊆ γLiec (q), hence γ
Lie
c (f) ⊆ t.
Proposition 3.10 Let g be a Lie-nilpotent Leibniz algebra of class c and f : g։
q be a surjective homomorphism of Leibniz algebras. If Ker (f) ⊆ γLiec (g) and
M
(c)
Lie
(q) = 0, then f is an isomorphism. In particular, if M
(c)
Lie
(g/γLiec (g)) = 0,
then M
(c)
Lie
(g) = 0.
Proof. Let n = Ker (f), then M
(c)
Lie
(g/n) = 0. From the exact sequence in
Proposition 4.1 (a) we have that n ∩ γLiec+1(g) ⊆ γ
Lie
c+1(g, n), then n ⊆ γ
Lie
c+1(g, n).
Obviously ⊇ is true, then n = γLiec+1(g, n) ⊆ γ
Lie
c+1(g) = 0. Consequently, f is an
isomorphism.
4 On the dimension of the c-nilpotent Schur Lie-
multiplier
This section is devoted to obtain some exact sequences involving the c-nilpotent
Schur Lie-multiplier and some formulas concerning dimensions of the correspond-
ing underlying vector spaces.
Proposition 4.1 Let 0 → r → f
ρ
→ q → 0 be a free presentation of a Leibniz
algebra q. Let n a two-sided ideal of q and s a two-sided ideal of f such that n ∼= sr
(s = Ker (π ◦ ρ), where π : q։ q
n
is the canonical projection). Then the following
sequences are exact:
(a) 0→
r∩γLiec+1(f,s)
γLiec+1(f,r)
→M
(c)
Lie
(q)→M
(c)
Lie
(
q
n
)
→
n∩γLiec+1(q)
γLiec+1(q,n)
→ 0.
(b) M
(c)
Lie
(q)→M
(c)
Lie
(
q
n
)
→
n∩γLiec+1(q)
γLiec+1(q,n)
→ n
γLiec+1(q,n)
→ q
γLiec+1(q)
→ q
n+γLiec+1(q)
→ 0.
(c) n⊗c qLie →M
(c)
Lie
(q)→M
(c)
Lie
(
q
n
)
→ n∩γLiec+1(q)→ 0, provided that 0→ n→
q→ q
n
→ 0 is a c-Lie-central extension. Here n⊗c q = n⊗ q⊗ · · · ⊗ q︸ ︷︷ ︸
c times
.
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Proof. (a) Consider the following diagram:
0

0
z⑧⑧
⑧⑧
⑧⑧
⑧⑧
r
z  
  
  
  
0 ,2 s ,2

f
ρ

pi◦ρ
#❀
❀❀
❀❀
❀❀
❀
0 ,2 n ,2

q
pi ,2

q
n
,2
#❁
❁❁
❁❁
❁❁
❁ 0
0 0 0
(3)
Define Π : M
(c)
Lie
(q) =
r∩γLiec+1(f)
γLiec+1(f,r)
→
s∩γLiec+1(f)
γLiec+1(f,s)
= M
(c)
Lie
(
q
n
)
by Π(r + γLiec+1(f, r)) =
r + γLiec+1(f, s). Obviously Ker (Π) =
r∩γLiec+1(f,s)
γLiec+1(f,r)
and Coker(Π) =
n∩γLiec+1(q)
γLiec+1(q,n)
thanks to
the following commutative diagram:
r ∩ γLiec+1(f, s)
,2 ,2


r ∩ γLiec+1(f)
,2,2


r∩γLiec+1(f)
r∩γLiec+1(f,s)


γLiec+1(f, s)
,2 ,2

s ∩ γLiec+1(f)
,2,2

s∩γLiec+1(f)
γLiec+1(f,s)

γLiec+1(q, n)
∼=
γLiec+1(f,s)
r∩γLiec+1(f,s)
,2 ,2 n ∩ γLiec+1(q) ,2,2
n∩γLiec+1(q)
γLiec+1(q,n)
(4)
(b) Combine statement (a) with the following diagram:
n ∩ γLiec+1(q)
,2 ,2


γLiec+1(q)
,2,2


u~
u~sss
ss
ss
ss
ss
γLiec+1(q)
n∩γLie
c+1(q)


n+ γLiec+1(q)
z z 
  
  
  
  
  
  
  
  
  
n ,2 ,2

3;
3;♦♦♦♦♦♦♦♦♦♦♦♦♦♦
q ,2,2

q
n

n+γLiec+1(q)
γLiec+1(q)
,2 ,2 q
γLiec+1(q)
,2,2 q
n+γLiec+1(q)
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and have in mind the isomorphisms
n+γLiec+1(q)
γLiec+1(q)
∼= n
n∩γLiec+1(q)
∼= n
γLiec+1(q,n)
.
(c) If n is c-Lie-central in q, then (a) provides the exact sequence
0→
γLiec+1(f, s)
γLiec+1(f, r)
→M
(c)
Lie
(q)→M
(c)
Lie
(q
n
)
→ n ∩ γLiec+1(q)→ 0 (5)
Now consider σ : n ⊗ qLie⊗ c. . . ⊗qLie →
γLiec+1(f,s)
γLiec+1(f,r)
given by σ(n ⊗ q1 ⊗ · · · ⊗ qc) =
[[[s, f1]Lie, f2]Lie, . . . , fc]Lie + γ
Lie
c+1(f, r), where ρ(s) = n and ρ(fi) = qi, 1 ≤ i ≤ c.
The condition γLiec+1(q, n) = 0 guarantees the well-definition of σ. Moreover σ is a
surjection, which completes the proof.
Corollary 4.2 Let n be a two-sided ideal of a finite-dimensional Leibniz algebra
q together with the free presentations in diagram (3). Then
(a) M
(c)
Lie
(q) is finite-dimensional.
(b) dim
(
M
(c)
Lie
(
q
n
))
≤ dim
(
M
(c)
Lie
(q)
)
+ dim
(
n∩γLiec+1(q)
γLiec+1(q,n)
)
.
(c) dim
(
M
(c)
Lie
(q)
)
+ dim
(
n ∩ γLiec+1(q)
)
= dim
(
M
(c)
Lie
(
q
n
))
+ dim
(
γLiec+1(q, n)
)
+
dim
(
r∩γLiec+1(f,s)
γLiec+1(f,r)
)
.
(d) dim
(
M
(c)
Lie
(q)
)
+ dim
(
n ∩ γLiec+1(q)
)
= dim
(
M
(c)
Lie
(
q
n
))
+ dim
(
γLiec+1(f,s)
γLiec+1(f,r)
)
.
(e) dim
(
M
(c)
Lie
(q)
)
+ dim
(
γLiec+1(q)
)
= dim
(
γLiec+1
(
f
γLiec+1(f,r)
))
.
(f) If M
(c)
Lie
(q) = 0, then M
(c)
Lie
(
q
n
)
∼=
n∩γLiec+1(q)
γLiec+1(q,n)
.
(g) dim
(
M
(c)
Lie
(q)
)
+dim
(
n ∩ γLiec+1(q)
)
≤ dim
(
M
(c)
Lie
(
q
n
))
+dim (n⊗c qLie), pro-
vided that 0→ n→ q→ q
n
→ 0 is a c-Lie-central extension.
Proof. (a) Straightforward since q is a finite-dimensional Leibniz algebra.
(b) From Proposition 4.1 (a), the exact sequence yields
dim
(
M
(c)
Lie
(
q
n
)
)
+ dim
(
r ∩ γLiec+1(f, s)
γLiec+1(f, r)
)
= dim
(
M
(c)
Lie
(q)
)
+ dim
(
n ∩ γLiec+1(q)
γLiec+1(q, n)
)
(6)
The result follows.
(c) The result follows from the equation (6) above combined with the equality
dim
(
n∩γLiec+1(q)
γLiec+1(q,n)
)
= dim
(
n ∩ γLiec+1(q)
)
− dim
(
γLiec+1(q, n)
)
.
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(d) The result holds from (c), since from diagram (4) and by the isomorphism
theorem we have
γLiec+1(q, n)
∼=
γLiec+1(f, s)
r ∩ γLiec+1(f, s)
∼=
γLiec+1(f, s)/γ
Lie
c+1(f, r)
r ∩ γLiec+1(f, s)/γ
Lie
c+1(f, r)
(e) Apply statement (d) to the particular case n = q.
(f) Straightforward from Proposition 4.1 (a).
(g) Straightforward from exact sequence in Proposition 4.1 (c).
Definition 4.3 A Lie-nilpotent Leibniz algebra q of class c is said to be of max-
imal Lie-class c if dim
(
γLie
j
(q)
γLie
j+1(q)
)
= 1, for j = 2, 3, . . . , c and dim
(
q
γLie2 (q)
)
= 2.
Remark 4.4 The absolute case of Definition 4.3, that is when the Liezation
functor is substituted by the abelianization functor, is equivalent to the notion of
filiform Leibniz algebra [4].
Proposition 4.5 Let q be a Lie-nilpotent Leibniz algebra of class c. If q is of
maximal Lie-class c, then ZLiei (q) = γ
Lie
c−i+1(q), for 0 ≤ i ≤ c.
Proof. The statement is true for i ∈ {0, c} since ZLie0 (q) = 0 = γ
Lie
c+1(q), and
ZLiec (q) = q = γ
Lie
1 (q).
By induction, assume that ZLiei−1(q) = γ
Lie
c−i+2(q), for 1 ≤ i < c. Then Z
Lie
i (q) =
CLieq (q,Z
Lie
i−1(q)) = C
Lie
q (q, γ
Lie
c−i+2(q)). So γ
Lie
c−i+1(q) ⊆ Z
Lie
i (q). Now, it is easy to
check that
ZLie
i
(q)
γLie
c−i+1(q)
 
γLie
c−i(q)
γLie
c−i+1(q)
. Indeed, since dim
(
γLie
c−i+1(q)
γLie
c−i+2(q)
)
6= 0, it follows that
γLiec−i+2(q)  γ
Lie
c−i+1(q). So let x ∈ γ
Lie
c−i+1(q)\γ
Lie
c−i+2(q), then x = [x0, m0]Lie, for
some x0 ∈ γ
Lie
c−i(q) and m0 ∈ q. Then x0 /∈ Z
Lie
i (q), otherwise x = [x0, m0]Lie ∈
ZLiei−1(q) = γ
Lie
c−i+2(q) which is a contradiction. Since dim
(
γLie
c−i(q)
γLie
c−i+1(q)
)
= 1, it follows
that
ZLie
i
(q)
γLie
c−i+1(q)
= 0, hence ZLiei (q) = γ
Lie
c−i+1(q).
Corollary 4.6 Let q be a finite dimensional Lie-nilpotent Leibniz algebra of max-
imal Lie-class c+ 1, then
dim
(
M
(c)
Lie
(q)
)
≤ dim
(
M
(c)
Lie
(
q
ZLie(q)
))
+ 2c − 1
Proof. Letting n := ZLie(q) in Corollary 4.2 (g), we have
dim
(
M
(c)
Lie
(q)
)
+dim
(
ZLie(q) ∩ γ
Lie
c+1(q)
)
≤ dim
(
M
(c)
Lie
(
q
ZLie(q)
))
+dim (n⊗c qLie) .
Note that since q is Lie-nilpotent of maximal Lie-class c + 1, it follows that
ZLie(q) = Z
Lie
1 (q) = γ
Lie
c+1(q), γ
Lie
c+2(q) = 0, then dim (ZLie(q)) = dim
(
γLiec+1(q)
γLiec+2(q)
)
= 1
and dim (qLie) = dim
(
q
γLie2 (q)
)
= 2.Therefore dim
(
ZLie(q) ∩ γ
Lie
c+1(q)
)
= dim (ZLie(q)) =
1 and dim (ZLie(q)⊗
c qLie) = 2
c. Then the result follows.
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5 c-Lie-stem covers
In this section we analyze the interplay between c-Lie-stem covers and the c-
nilpotent Schur Lie-multiplier.
Definition 5.1 A c-Lie-central extension 0 → n → g
pi
→ q → 0 is said to be
c-Lie-stem extension whenever n ⊆ γLiec+1(g).
In addition, if n is isomorphic to M
(c)
Lie
(q), then the c-Lie-stem extension is
called a c-Lie-stem cover of q. In this case g is said to be a c-Lie-covering of q.
A Leibniz algebra q is said to be Hopfian is every surjective homomorphism
q։ q is an isomorphism.
Proposition 5.2 For a c-Lie-central extension π : g ։ q, with n = Ker (π), the
following statements are equivalent:
(a) π : g։ q is a c-Lie-stem extension.
(b) The induced map n→ g
γLiec+1(g)
is the zero map.
(c) θ :M
(c)
Lie
(q)→ n is an epimorphism.
(d) The following sequence n⊗c gLie →M
(c)
Lie
(g)→M
(c)
Lie
(q)
θ
→ n→ 0 is exact.
(e) g
γLie
c+1(g)
∼= q
γLie
c+1(q)
.
Proof. The equivalences between (a), (b), (c) and (d) follow from exact se-
quences in Proposition 4.1. The equivalence between (a) and (e) is a consequence
of the following 3× 3 diagram:
0

0

0

0 ,2 n ∩ γLiec+1(g)
,2

γLiec+1(g)
,2

γLiec+1(q)
,2

0
0 ,2 n ,2

g ,2

q ,2

0
0 ,2 0 ,2

g
γLiec+1(g)

q
γLiec+1(q)
,2

0
0 0 0
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Proposition 5.3 For a c-Lie-central extension π : g ։ q the following state-
ments are equivalent:
(a) π : g։ q is a c-Lie-stem cover.
(b) g
γLiec+1(g)
∼= q
γLiec+1(q)
and the induced map M
(c)
Lie
(g)→M
(c)
Lie
(q) is the zero map.
Proof. This is a direct consequence of Proposition 5.2 (e) and Proposition 4.1.
Example 5.4
(a) The 2-Lie-central extension given in Example 3.3 (b) is a 2-Lie-stem exten-
sion, but the 2-Lie-central in Example 3.3 (a) is not a c-Lie-stem extension.
(b) Let 0→ r→ f
ρ
→ q→ 0 be a free presentation of a Leibniz algebra q. Then
γLiec+1(f, r) is a two-sided ideal of f, γ
Lie
c+1(f, r) ⊆ r and the sequence
0 −→
r
γLiec+1(f, r)
−→
f
γLiec+1(f, r)
ρ
−→ q −→ 0 (7)
is a c-Lie-central extension (see Example 3.5 (b)).
It has the property that the induced map M
(c)
Lie
(
f/γLiec+1(f, r)
)
→ M
(c)
Lie
(q) is
the zero map. This can be readily checked by using the isomorphism (1) for
the given free presentation of q and the free presentation 0 → γLiec+1(f, r) →
f → f/γLiec+1(f, r) → 0 of the Leibniz algebra f/γ
Lie
c+1(f, r). Moreover, we have
the short exact sequence (c.f. the last row of 3 × 3 diagram in the proof of
Proposition 5.2)
0 −→
r
r ∩ γLiec+1(f)
−→
f
γLiec+1(f)
−→
q
γLiec+1(q)
−→ 0. (8)
(c) As a particular case of (b), consider the Leibniz algebra q = f/γLiec+1(f) for a
free Leibniz algebra f. Then r = γLiec+1(f) and the sequence (7) turns to
0 −→
γLiec+1(f)
γLiec+1(f, r)
−→
f
γLiec+1(f, r)
−→
f
γLiec+1(f)
−→ 0,
which, by (8), is a c-Lie-stem cover of the Leibniz algebra f/γLiec+1(f).
Lemma 5.5 Let 0→ r → f
ρ
→ q → 0 be a free presentation of a Leibniz algebra
q. Then the extension 0 → m → q∗
ψ
→ q → 0 is a c-Lie-stem cover of q if and
only if there exists a two-sided ideal s of f such that
(a) q∗ ∼= f/s and m ∼= r/s;
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(b) r/γLiec+1(f, r)
∼=M
(c)
Lie
(q)⊕ s/γLiec+1(f, r).
Proof. Let 0 → m → q∗
ψ
→ q → 0 be a c-Lie-stem cover of q. Then by Lemma
3.6, the identity map q→ q induces a homomorphism β : f
γLiec+1(f,r)
→ q∗ such that
β
(
r
γLiec+1(f,r)
)
⊆ m and ψ ◦ β = ρ¯ (see diagram (2)). Since q∗ = Im (β) + m and
m ⊆ γLiec+1(q
∗) = γLiec+1(Im (β)) ⊆ Im (β), hence β is a surjective homomorphism
and β
(
r
γLie
c+1(f,r)
)
= m.
Now, let s be a two-sided ideal of f such that Ker (β) = s
γLiec+1(f,r)
. Then we have
the exact sequence 0 → s
γLiec+1(f,r)
→ f
γLiec+1(f,r)
β
→ q∗ → 0 which induces the short
exact sequence 0→ s
γLiec+1(f,r)
→ r
γLiec+1(f,r)
β|
→ m → 0. It follows from these two exact
sequences and the third isomorphism theorem that q∗ ∼= f
γLie
c+1(f,r)
/ s
γLie
c+1(f,r)
∼= f/s
and m ∼= r
γLiec+1(f,r)
/ s
γLiec+1(f,r)
∼= r/s. Moreover, r
γLiec+1(f,r)
∼= m ⊕ s
γLiec+1(f,r)
as K-vector
spaces, and thus r
γLiec+1(f,r)
∼= M
(c)
Lie
(q) ⊕ s
γLiec+1(f,r)
, since 0 → m → q∗
ψ
→ q → 0 is a
c-Lie-stem cover of q.
Conversely, suppose the existence of a two-sided ideal s of f satisfying (a)
and (b). Then, q
∗
m
∼= fs/
r
s
∼= f/r ∼= q, and M
(c)
Lie
(q) ∼= r
γLiec+1(f,r)
/ s
γLiec+1(f,r)
∼= r/s ∼= m.
Moreover m ∼= r/s ⊆
s+γLiec+1(f)
s
∼=
γLiec+1(f)
s∩γLiec+1(f)
⊆ γLiec+1(f/s)
∼= γLiec+1(q
∗). Therefore the
extension 0→ m→ q∗
ψ
→ q→ 0 is a c-Lie-stem cover of q.
Corollary 5.6 Any finite-dimensional Leibniz algebra has at least one c-Lie-
covering.
Proof. Let q be a finite dimensional Leibniz algebra, and let 0→ r→ f
ρ
→ q→ 0
be a free presentation of q. Following the proof of Lemma 5.5, choose a two-sided
ideal s of f such that s
γLiec+1(f,r)
is the complement of M
(c)
Lie
(q) in r
γLiec+1(f,r)
. Then the
extension 0→ r/s→ f/s→ q→ 0 is a c-Lie-stem cover of q.
Theorem 5.7 Let 0 → m → h
θ
→ q → 0 be a c-Lie-stem extension of a finite-
dimensional Leibniz algebra q. Then there exists a c-Lie-covering q∗ of q such
that h is a quotient of q∗.
Proof. Let 0 → r → f
ρ
→ q → 0 be a free presentation of q. Using Lemma 3.6,
choose a two-sided ideal s0 of f such that Ker (β) =
s0
γLiec+1(f,r)
. Since the surjec-
tive homomorphism β is induced by the identity map, it follows that Ker (β) =
Ker (β|), hence s0 in fact is a two-sided ideal of r. Following the proof of Lemma
5.5, we therefore have that s0
γLiec+1(f,r)
is the complement of M
(c)
Lie
(q) in r
γLiec+1(f,r)
. So
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(r ∩ γLiec+1(f)) + s0 = r and (r ∩ γ
Lie
c+1(f)) ∩ s0 = γ
Lie
c+1(f, r). Now let s be a two-
sided ideal of s0 such that
s
γLiec+1(f,r)
is the complement of
s0∩γLiec+1(f)
γLiec+1(f,r)
in s0
γLiec+1(f,r)
. So
(s0 ∩ γ
Lie
c+1(f)) + s = s0 and (s0 ∩ γ
Lie
c+1(f)) ∩ s = γ
Lie
c+1(f, r). This implies that
(r ∩ γLiec+1(f)) + s = r and (r ∩ γ
Lie
c+1(f)) ∩ s = γ
Lie
c+1(f, r) since s ⊆ s0 ⊆ r. Therefore
r/γLiec+1(f, r)
∼=M
(c)
Lie
(q)⊕ s/γLiec+1(f, r). Hence q
∗ := f/s is a c-Lie-stem cover of q by
Lemma 5.5. Clearly
q∗
s0/s
∼= f/s0 ∼=
f
γLiec+1(f, r)
/
s0
γLiec+1(f, r)
=
f
γLiec+1(f, r)
/Ker (β) ∼= h.
Hence h is a quotient of q∗.
Lemma 5.8 Let q be a Leibniz algebra and
0 ,2 n1 ,2
α

g1 ,2
β

q ,2
γ

0
0 ,2 n2 ,2 g2 ,2 q ,2 0
be a commutative diagram of short exact sequences of Leibniz algebras such that
the bottom row is a c-Lie-stem extension. If the homomorphism γ is surjective,
then β is a surjective homomorphism as well.
Proof. Obviously g2 = Im (β) + n2. Since n2 ⊆ γ
Lie
c+1(g2) and γ
Lie
c+1(g2, n2) = 0,
then n2 ⊆ β
(
γLiec+1(g1)
)
. Therefore g2 ⊆ Im (β) + β
(
γLiec+1(g1)
)
, i.e. β is surjective.
Theorem 5.9 Let q be a Leibniz algebra and let 0→ mi → hi
θi→ q→ 0, i = 1, 2,
be two c-Lie-stem covers of q. If η : h1 → h2 is a surjective homomorphism such
that η(m1) ⊆ m2, then η is an isomorphism.
Proof. Let 0 → r → f
ρ
→ q → 0 be a free presentation of q. Then by Lemma
5.5, there exist two-sided ideals si of f, i = 1, 2, such that hi ∼= f/si, mi ∼= r/si
and r/γLiec+1(f, r)
∼= M
(c)
Lie
(q) ⊕ si/γ
Lie
c+1(f, r). It is therefore enough to prove that
the surjective homomorphism η¯ : f/s1 → f/s2 induced by η is an isomorphism.
Following the proof of Lemma 5.5, we have a surjective homomorphism β2 :
f
γLie
c+1(f,r)
→ h2 such that β2
(
r
γLie
c+1(f,r)
)
= m2 and Ker (β2) =
s2
γLie
c+1(f,r)
. Since f is a
free Leibniz algebra, there exists a homomorphism δ˜ : f → f/s1 such that the
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following diagram is commutative,
f
γLiec+1(f,r)
δ

β2
''❋
❋❋
❋❋
❋❋
f
nat
9D9D⑥⑥⑥⑥⑥⑥⑥⑥
δ˜
&❉
❉❉
❉❉
❉❉
❉❉
f/s2
f/s1
η¯
7A7A✇✇✇✇✇✇✇✇
(9)
where δ is a homomorphism induced by δ˜. Since θ1 ◦ δ = ρ, then δ is a surjective
homomorphism by Lemma 5.8
In addition, if s is a two-sided ideal of f such that Ker (δ) = s
γLie
c+1(f,r)
, then
s
γLiec+1(f,r)
is the complement ofM
(c)
Lie
(q) in r
γLiec+1(f,r)
, which implies that (r∩γLiec+1(f))+
s = r. Now, one easily shows that s ⊆ s2. Therefore s = s2 by Lemma 5.5. Hence
Ker (δ) = Ker (β2), which implies that η¯ is injective.
Corollary 5.10 Let q be a nilpotent Leibniz algebra of class c ≥ 1, then every
c-Lie-covering of q is Hopfian.
Proof. Let 0→ m→ q∗
ψ
→ q→ 0 is a c-Lie-stem cover of q. Then by Proposition
5.3, q
∗
γLiec+1(q
∗)
∼= q
γLiec+1(q)
∼= q since q is a nilpotent Leibniz algebra of class c, hence
0 → γLiec+1(q
∗) → q∗ → q → 0 is a c-Lie-stem cover. Now let η : q∗ ։ q∗
be a surjective homomorphism, then η(m) ⊆ γLiec+1(q
∗) since m ⊆ γLiec+1(q
∗). So
η([q∗, q∗]Lie) = [η(q
∗), η(q∗)]Lie = [q
∗, q∗]Lie, and thus η(γ
Lie
c+1(q
∗)) = γLiec+1(q
∗). It
follows now by Theorem 5.9 that η is an isomorphism, hence q∗ is Hophian.
Theorem 5.11 Let 0 → mi → hi
θi→ q → 0, i = 1, 2, be two c-Lie-stem covers of
a finite-dimensional Leibniz algebra q. Then ZLiec+1(h1)/m1
∼= ZLiec+1(h2)/m2.
Proof. Let 0→ r→ f
ρ
→ q→ 0 be a free presentation of q, and q∗ a c-Lie-covering
of q, which exists by Corollary 5.6. Then by Lemma 5.5, there exists a two-sided
ideal s of f such that q∗ ∼= f/s and m ∼= r/s, and r/γLiec+1(f, r)
∼= M
(c)
Lie
(q) ⊕
s/γLiec+1(f, r). Now let t be a two-sided ideal of f such that Z
Lie
c+1(f/γ
Lie
c+1(f, r)) =
t/γLiec+1(f, r). This implies that for all t ∈ t and fi ∈ f, 1 ≤ i ≤ c, we have [[[t+s, f1+
s]Lie, f2+s]Lie, . . . , fc+s]Lie = [[[t, f1]Lie, f2]Lie, . . . , fc]Lie+s ∈ γ
Lie
c+1(f, r)+s = s, and
thus t/s ⊆ ZLiec+1(f/s).We claim that Z
Lie
c+1(f/s) ⊆ t/s. Indeed, let x+s ∈ Z
Lie
c+1(f/s).
Then for all fi ∈ f, 1 ≤ i ≤ c, we have [[[x, f1]Lie, f2]Lie, . . . , fc]Lie ∈ s
⋂
γLiec+1(f) =
γLiec+1(f, r). So x + γ
Lie
c+1(f, r) ∈ Z
Lie
c+1
(
f
γLiec+1(f,r)
)
= t/γLiec+1(f, r), implying that x ∈ t.
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Hence ZLiec+1(f/s) = t/s. So Z
Lie
c+1(q
∗)/m ∼=
ZLiec+1(f/s)
r/s
∼=
t/s
r/s
∼= t/r, and is therefore
uniquely determined by the free presentation 0→ r→ f
ρ
→ q→ 0.
Theorem 5.12 Let q be a Lie-nilpotent Leibniz algebra of class at most k ≥ 1
such that M
(c)
Lie
(q) 6= 0, for some c > k. Then q has not c-covering.
Proof. We proceed by contradiction. Let 0→ m→ q∗
ψ
→ q→ 0 be a c-Lie-stem
cover of q. Then m ⊆ γLiec+1(q
∗) and m ∼= M
(c)
Lie
(q). Now since q is Lie-nilpotent
of class k, it follows by the proof of Corollary 5.10 that γLiek+1(q
∗) ∼= m, and thus
γLiec+1(q
∗) ⊆ γLiek+1(q
∗) ∼= m since c > k. So γLiec+1(q
∗) = γLiek+1(q
∗) = m. We claim that
γLiec+1(q
∗) = 0. Indeed, we have by Proposition 3.4 that m ⊆ ZLiec (q
∗). Therefore
[[[m, q∗]Lie, q
∗]Lie, . . . , q
∗︸ ︷︷ ︸
c-times
]Lie = 0. So
γLie2k+1(q
∗) = [[[γLiek+1(q
∗), q∗]Lie, q
∗]Lie, . . . , q
∗︸ ︷︷ ︸
k-times
]Lie
= [[[γLiec+1(q
∗), q∗]Lie, q
∗]Lie, . . . , q
∗︸ ︷︷ ︸
k-times
]Lie
= γLiec+k+1(q
∗)
= [[[γLiek+1(q
∗), q∗]Lie, q
∗]Lie, . . . , q
∗︸ ︷︷ ︸
c-times
]Lie
= [[[m, q∗]Lie, q
∗]Lie, . . . , q
∗︸ ︷︷ ︸
c-times
]Lie
= 0.
So if c ≥ 2k, we have γLiec+1(q
∗) ⊆ γLie2k+1(q
∗) = 0. Otherwise, c < 2k and we have
γLie3k−c+1(q
∗) = [[[γLiek+1(q
∗), q∗]Lie, q
∗]Lie, . . . , q
∗︸ ︷︷ ︸
(2k-c)-times
]Lie
= [[[γLiec+1(q
∗), q∗]Lie, q
∗]Lie, . . . , q
∗︸ ︷︷ ︸
(2k-c)-times
]Lie
= γLie2k+1(q
∗) = 0.
Similarly, if c ≥ 3
2
k, we have γLiec+1(q
∗) ⊆ γLie3k−c+1(q
∗) = 0. Otherwise, c < 3
2
k and
we have
γLie4k−2c+1(q
∗) = [[[γLiek+1(q
∗), q∗]Lie, q
∗]Lie, . . . , q
∗︸ ︷︷ ︸
(3k-2c)-times
]Lie
= [[[γLiec+1(q
∗), q∗]Lie, q
∗]Lie, . . . , q
∗︸ ︷︷ ︸
(3k-2c)-times
]Lie
= γLie3k−c+1(q
∗) = 0.
This process continue and stops when c ≤ k, yielding γLiec+1(q
∗) = 0. This implies
M
(c)
Lie
(q) ∼= m = 0. A contradiction.
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6 c-Lie-capability
In this section we introduce the c-Lie-characteristic ideal of a Leibniz algebra,
which is used to study c-Lie-capability of Leibniz algebras.
Definition 6.1 A Leibniz algebra q is said to be c-Lie-capable if there exists a
Leibniz algebra h such that q ∼= h/ZLiec (h).
We call c-Lie-characteristic ideal of a Leibniz algebra q, denoted by Z∗(q), to
the smallest two-sided ideal s of q such that q/s is c-Lie-capable.
Proposition 6.2 Let q be a Leibniz algebra, then Z∗(q) is a two-sided ideal of q
contained in ZLiec (q), and Z
∗ (q/Z∗(q)) = 0.
Proof. Since q/ZLiec (q) is c-Lie-capable and Z
∗(q) is the smallest two-sided ideal
such that q/Z∗(q) is c-Lie-capable, then Z∗(q) ⊆ ZLiec (q).
q/Z∗(q) is c-Lie-capable by definition, then q/Z∗(q) ∼= h/ZLiec (h) for some Leib-
niz algebra h. Since Z∗ (q/Z∗(q)) is the smallest two-sided ideal s such that q/Z
∗(q)
s
is c-Lie-capable, this s should be the trivial one thanks to the above isomorphism.
Proposition 6.3 The two-sided ideal Z∗(q) of a Leibniz algebra q is the inter-
section of all two-sided ideals f
(
ZLiec (g)
)
, where f : g ։ q is a c-Lie-central
extension.
Proof. Let A =
⋂{
f
(
ZLiec (g)
)
| f : g։ q is a c−Lie−central extension
}
be.
By Definition 6.1 q/Z∗(q) is c-Lie-capable, i.e. there exists a Leibniz algebra
h such that 0 → ZLiec (h) → h
θ
→ q/Z∗(q) → 0. Obviously this sequence is a
c-Lie-central extension by Proposition 3.4.
Consider the Leibniz algebra m = {(q, h) ∈ q× h | θ(h) = q + Z∗(q)} and let
φ : m → q given by φ(q, h) = q. We claim that φ is a surjective homomorphism
with Ker (φ) ⊆ ZLiec (m) and φ
(
ZLiec (m)
)
⊆ Z∗(q).
Indeed, for any q ∈ q, consider q + Z∗(q), then there exists h ∈ h such that
θ(h) = q + Z∗(q). Hence φ(q, h) = q.
On the other hand, Ker (φ) = {(0, h) ∈ q× h | θ(h) ∈ Z∗(q)}. In order to
show that Ker (φ) ⊆ ZLiec (m), it is enough to show that γ
Lie
c+1 (m,Ker (φ)) =
0 thanks to Proposition 3.4. And this fact holds because for any (0, h) ∈
Ker (φ), (qi, hi), 1 ≤ i ≤ c, we have [[[(0, h), (q1, h1)]Lie, (q2, h2)]Lie, . . . , (qc, hc)]Lie =
(0, [[[h, h1]Lie, h2]Lie, . . . , hc]Lie) ∈ (0,Ker (θ)) =
(
0,ZLiec (h)
)
⊆ ZLiec (q)×Z
Lie
c (h) =
ZLiec (m).
Finally, for any (q, h) ∈ ZLiec (m), then φ(q, h) = q with θ(h) = q + Z
∗(q), but
h ∈ ZLiec (h) = Ker (θ), hence q ∈ Z
∗(q).
Therefore we have showed that A ⊆ Z∗(q).
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For the converse inclusion, consider the following commutative diagram asso-
ciated to some c-Lie-central extension 0→ n→ g
f
→ q→ 0:
n ,2 ,2 ZLiec (g)
,2,2


ZLiec (q)

n ,2 ,2

g
f
,2,2

q

0 ,2 ,2 g/ZLiec (g)
∼ ,2 q/ZLiec (q)
where n ⊆ ZLiec (g) by Proposition 3.4 and f
(
ZLiec (g)
)
= ZLiec (q) by a standard
induction.
Hence q/f
(
ZLiec (g)
)
∼= g/ZLiec (g) means that 0→ Z
Lie
c (g)→ g→ q/f
(
ZLiec (g)
)
→ 0 is a c-Lie-central extension, i.e. q/f
(
ZLiec (g)
)
is c-Lie-capable. Consequently
Z
∗(q) ⊆ f
(
ZLiec (g)
)
, since Z∗(q) is the smallest two-sided ideal satisfying this
property.
So Z∗(q) ⊆ f
(
ZLiec (g)
)
for any c-Lie-central extension f : g։ q, then Z∗(q) ⊆⋂{
f
(
ZLiec (g)
)
| f : g։ q is a c−Lie−central extension
}
.
Lemma 6.4 Let 0 → r → f
ρ
→ q → 0 be a free presentation and 0 → m → h
θ
→
q→ 0 be a c-Lie-central extension of a Leibniz algebra q, then ρ
(
ZLiec (f/γ
Lie
c+1(f, r))
)
⊆
θ
(
ZLiec (h)
)
, where ρ is the natural surjective homomorphism induced by ρ.
Proof. Since f is a free Leibniz algebra, then there exists a homomorphism
β : f → h such that θ ◦ β = ρ. Obviously β(r) ⊆ m and β
(
γLiec+1(f, r)
)
= 0. Then
we have the following commutative diagram:
γLiec+1(f, r)


γLiec+1(f, r)


,2,2 0

r

,2 ,2 f
ρ
,2,2
pr

β
|☎
☎
☎
☎
☎
☎
☎
☎
☎
☎
q
☛☛
☛
☛
☛☛
☛
☛☛
☛
☛
☛☛
☛
☛
☛☛
☛
☛
☛
☛
☛☛
☛
☛
☛☛
☛
☛
☛☛
☛
☛☛
☛
☛
r
γLiec+1(f,r)
,2 ,2 f
γLiec+1(f,r)
ρ
,2,2
pi
u}r
r
r
r
r
r
q
②②
②②
②②
②②
②②
②②
m ,2 ,2 h
θ ,2,2 q
(10)
where π is induced by β. Having in mind that h = Ker (θ) + Im(β), then it is an
easy task to verify that π
(
ZLiec (f/γ
Lie
c+1(f, r))
)
⊆ ZLiec (h).
Since ρ◦pr = ρ = θ◦β = θ◦π◦pr, then ρ
(
ZLiec (f/γ
Lie
c+1(f, r))
)
= θ
(
π
(
ZLiec (f/γ
Lie
c+1(f, r))
))
⊆ θ
(
ZLiec (h)
)
.
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Corollary 6.5 Let 0 → r → f
ρ
→ q → 0 be a free presentation of a Leibniz
algebra q, then ρ
(
ZLiec (f/γ
Lie
c+1(f, r))
)
= Z∗(q).
Proof. From the c-Lie-central extension 0 → r
γLiec+1(f,r)
→ f
γLiec+1(f,r)
ρ
→ q → 0 in
Example 5.4 (b), it follows that Z∗(q) ⊆ ρ
(
ZLiec (f/γ
Lie
c+1(f, r))
)
by Proposition 6.3.
By Lemma 6.4, ρ
(
ZLiec (f/γ
Lie
c+1(f, r))
)
⊆ θ
(
ZLiec (h)
)
, for any c-Lie-central ex-
tension θ : h։ q, then ρ
(
ZLiec (f/γ
Lie
c+1(f, r))
)
⊆
⋂
θ
(
ZLiec (h)
)
= Z∗(q).
Corollary 6.6 Z∗(q) = 0 if and only if q is a c-Lie-capable Leibniz algebra.
Proof. If q is a c-Lie-capable Leibniz algebra, then there exists a c-Lie-central
extension 0 → ZLiec (h) → h
f
→ q → 0; now Proposition 6.3 implies that Z∗(q) ⊆
f
(
ZLiec (h)
)
= 0.
Conversely, if Z∗(q) = 0, for any free presentation 0 → r → f
ρ
→ q →
0, Corollary 6.5 implies that ρ
(
ZLiec (f/γ
Lie
c+1(f, r))
)
= 0, i.e. ZLiec (f/γ
Lie
c+1(f, r)) ⊆
Ker (ρ) = r/γLiec+1(f, r). Moreover 0→
r
γLie
c+1(f,r)
→ f
γLie
c+1(f,r)
ρ
→ q→ 0 is a c-Lie-central
extension, then r/γLiec+1(f, r) ⊆ Z
Lie
c (f/γ
Lie
c+1(f, r)) by Proposition 3.4.
Thus 0 → ZLiec (f/γ
Lie
c+1(f, r)) →
f
γLiec+1(f,r)
ρ
→ q → 0 is a c-Lie-central extension,
i.e. q is c-Lie-capable.
Theorem 6.7 Let 0 → m → h
ψ
→ q → 0 be a c-Lie-stem cover of a Leibniz
algebra q. Then ψ
(
ZLiec (h)
)
= Z∗(q).
Proof. Let 0 → r → f
ρ
→ q → 0 be a free presentation of q. Then by Lemma
5.5, there exists a two-sided ideal s of f such that h ∼= f/s and m ∼= r/s, and
r/γLiec+1(f, r)
∼=M
(c)
Lie
(q)⊕ s/γLiec+1(f, r).
Now let t be a two-sided ideal of f such that ZLiec (h) = Z
Lie
c (f/s) = t/s. We
claim that ZLiec
(
f
γLiec+1(f,r)
)
= t
γLiec+1(f,r)
.
Indeed, let x+ γLiec+1(f, r) ∈ Z
Lie
c (f/γ
Lie
c+1(f, r)). Then for all fi ∈ f, 1 ≤ i ≤ c, we
have [[[x, f1]Lie, f2]Lie, . . . , fc]Lie ∈ γ
Lie
c+1(f, r) ⊆ s, implying that x+ s ∈ Z
Lie
c (f/s) =
t/s. So x ∈ t, and thus x+ γLiec+1(f, r) ∈ t/γ
Lie
c+1(f, r).
Conversely, as ZLiec (f/s) = t/s, we have for all t ∈ t and fi ∈ f, 1 ≤ i ≤ c, that
[[[t + s, f1 + s]Lie, f2 + s]Lie, . . . , fc + s]Lie = 0, then [[[t, f1]Lie, f2]Lie, . . . , fc]Lie ∈ s.
So γLiec+1(f, t) ⊆ s
⋂
γLiec+1(f) ⊆ γ
Lie
c+1(f, r), implying that
t
γLie
c+1(f,r)
⊆ ZLiec
(
f
γLie
c+1(f,r)
)
.
We now have (here we use similar notations to diagram (10))
ψ
(
ZLiec (h)
)
= ψ (t/s) = ρ(t) = ρ¯
(
t/γLiec+1(f, r)
)
= ρ¯
(
ZLiec
(
f
γLiec+1(f, r)
))
= Z∗(q)
The last equality holds thanks to Corollary 6.5.
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Theorem 6.8 Let n be a c-Lie-central two-sided ideal of a Leibniz algebra q.
Then the following statements are equivalent:
(a) n ∩ γLiec+1(q)
∼=
M
(c)
Lie
(q/n)
M
(c)
Lie
(q)
.
(b) n ⊆ Z∗(q).
(c) The natural map M
(c)
Lie
(q)→M
(c)
Lie
(q/n) is injective.
Proof. The equivalence between statements (a) and (c) directly follows from
Proposition 4.1 (c).
For the equivalence between statements (b) and (c), consider the free pre-
sentations in diagram (3). By exact sequence (5), we only need to prove that
γLiec+1(f, s) = γ
Lie
c+1(f, r) if and only if n ⊆ Z
∗(q).
Set f = f
γLiec+1(f,r)
, r = r
γLiec+1(f,r)
, s = s
γLiec+1(f,r)
, then γLiec+1(f, s) = γ
Lie
c+1(f, r) if and only
if s ⊆ ZLiec (f).
By Corollary 6.5, Z∗(q) = ρ
(
ZLiec (f)
)
, consequently, we obtain that ρ(s) ⊆
Z
∗(q) if and only if s ⊆ ZLiec (f), but ρ(s) = ρ(s) = n, which completes the proof.
Corollary 6.9 Any Leibniz algebra q is c-Lie-capable if and only if the natural
map M
(c)
Lie
(q)→M
(c)
Lie
(q/〈x〉) has non-trivial kernel for all non-zero element x ∈
ZLiec (q).
Proof. Assume that Ker
(
σx :M
(c)
Lie
(q)→M
(c)
Lie
(q/〈x〉)
)
= 0 for any non-zero
element x ∈ ZLiec (q). By Theorem 6.8, σx injective if and only if 〈x〉 ⊆ Z
∗(q), so
Z∗(q) 6= 0, i.e. q is not c-Lie-capable by Corollary 6.6.
For every non-zero element x ∈ ZLiec (q), we have 0 6= 〈x〉 " Z
∗(q) = 0, then
σx cannot be an injective homomorphism.
Proposition 6.10 Let n be a c-Lie-central two-sided ideal of a Leibniz algebra
q. Then n ⊆ Z∗(q) if and only if the natural surjection q ։ q/n induces an
isomorphism γLie∗c+1(q)
∼=
→ γLie∗c+1(q/n).
Proof. By the proof of Theorem 6.8, γLiec+1(f, s) = γ
Lie
c+1(f, r) if and only if n ⊆
Z
∗(q).
From diagram (3), the kernel of the induced surjective homomorphism
γLiec+1(f)
γLiec+1(f,r)
=
γLie∗c+1(q)։ γ
Lie∗
c+1(q/n) =
γLiec+1(f)
γLiec+1(f,s)
is
γLiec+1(f,s)
γLiec+1(f,r)
, thus the proposition is obvious.
Corollary 6.11 Let n be a two-sided ideal of a finite-dimensional Leibniz alge-
bra q such that n ⊆ ZLiec (q). Then n ⊆ Z
∗(q) if and only dim
(
M
(c)
Lie
(q/n)
)
=
dim
(
M
(c)
Lie
(q)
)
+ dim
(
n ∩ γLiec+1(q)
)
.
Proof. By the proof of Theorem 6.8 and Corollary 4.2 (d).
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